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A novel high order finite difference method is introduced for optical waveguides with smoothly curved
perfectly electric conducting (PEC) boundaries. The proposed method shares some similarities with our
previous matched interface and boundary (MIB) methods developed for treating dielectric interfaces of
optical waveguides, such as the use of a simple Cartesian grid, the standard finite difference schemes,
and fictitious values. However, the PEC boundary conditions have a physical nature quite different from
that of the jump conditions at the dielectric interfaces, i.e., all six electric and magnetic field components
are prescribed in the jump conditions, while only three of them are known at the PEC walls.
Consequently, the previously developed MIB methods are not applicable to deal with the perfectly
conducting boundaries. To overcome this difficulty, a novel ray-casting fictitious domain method is
constructed to enforce the PEC conditions along the normal direction. Such a boundary implementation
couples the transverse magnetic field components so that the resulting ray-casting MIB method is a full
vectorial approach for the modal analysis of optical waveguides. The new MIB method is validated by
considering both homogeneous and inhomogeneous waveguides. Numerical results confirm the designed
fourth order of accuracy.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction to physical boundaries. In the time domain, various promising fi-
It is well known that the conventional Cartesian grid based
numerical methods will be degraded to only first order accuracy
when modeling curved perfectly electric conducting (PEC) walls,
due to the so-called staircasing error. To circumvent the staircasing
error, one possible way is fitting the mesh to the boundaries, via
the use of body-conforming grids or unstructured grids. For exam-
ple, a nonuniform triangular mesh based full vectorial finite differ-
ence formulation has been proposed for solving optical waveguides
in [1]. In [2], a curvilinear mapping technique has been introduced
to the multidomain pseudospectral method for waveguide analy-
sis. Using unstructured grids, the finite element method is very
flexible in handling geometrically complex problems. Recently,
some further improvements to the finite element analysis of opti-
cal waveguides have been accomplished by using various curvilin-
ear/isoparametric elements [3–6] to achieve a better fit at the
curved boundaries or interfaces.

What are more relevant to the present study are the Cartesian
grid methods for treating curved material boundaries and inter-
faces. In such methods, Cartesian grids are employed so that the
simplicity of the conventional finite difference methods is main-
tained, while some special treatments are required only adjacent
ll rights reserved.
nite difference time domain (FDTD) methods have been proposed
to overcome the staircasing error at the PEC boundaries, including
conformal FDTD methods [7–10], flux limiting embedded bound-
ary method [11], consistent boundary conditions [12], and so on.
In these methods, the staircasing error is eliminated by locally
modifying the finite difference weights so that not only the PEC
boundary conditions can be satisfied, but also the original FDTD
stability constrains can be maintained.

In the frequency domain, several Cartesian grid methods have
been developed for solving a related problem – the dielectric inter-
face problem. In an interface problem, the field solution loses its
regularity across the irregular material interfaces, so that special
local treatments in which the interface jump conditions are prop-
erly imposed in the discretization, are essential to achieve high
order of accuracy [13]. For simple interfaces which are straight
and align with one coordinate direction, up to 12th order finite
difference waveguide solvers have been reported in the literature
[14–16]. For optical waveguide with curved interfaces, a second or-
der Cartesian grid method was first presented by Chiang et al. [17].
Recently, we have proposed novel full vectorial matched interface
and boundary (MIB) methods [18,19], which achieve a fourth order
convergence irrespective of the presence of curved interfaces.

However, the previously developed MIB interface schemes
[18,19] cannot be reformulated to solve the present PEC boundary
problem. The essential difficulty is due to a different nature of
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the physical conditions underlying the dielectric interfaces and PEC
walls. At the dielectric interface, jump conditions are available
which analytically relate field solutions across the interface, while
at the PEC wall, some specific values of field solutions are known.
Nevertheless, there are six jump conditions prescribed so that all
six electric and magnetic field components are taken care of at the
dielectric interfaces, while only three electric and magnetic field
components are specified at the PEC walls. This calls for novel formu-
lations in generalizing the MIB method to solve irregular PEC bound-
aries. On the other hand, we note that for regular PEC boundaries of a
rectangular domain, the PEC boundary conditions reduce to the
standard Dirichlet and Neumann conditions along a Cartesian direc-
tion. For such a simple problem, a boundary closure procedure for
arbitrarily high order finite difference methods is available in
[20,21].

The objective of this paper is to introduce a novel ray-casting
MIB method for dealing with smoothly curved PEC boundaries.
The unique feature of the ray-casting MIB method is to impose
the PEC conditions only along the normal direction. The new MIB
scheme and the previous MIB interface method [18] are all based
on an effective use of fictitious values, an idea which was first pro-
posed in a scalar MIB method for solving Maxwell’s equations with
straight interfaces [13], and was subsequently generalized to treat
curved interfaces for solving the Poisson equation [22]. Neverthe-
less, the fictitious values are independent from each other in the
present scheme, while the fictitious values in the previous MIB
methods [13,22,18,19] are determined in pairs.

The rest of this paper is organized as follows: Section 2 is de-
voted to theory and algorithm of the proposed ray-casting MIB
method. In Section 3, both homogeneous and inhomogeneous
waveguides with curved PEC boundaries will be employed to vali-
date the proposed approach. Finally, a conclusion ends this paper.

2. Formulation and discretization

In this section, we first present the governing equations and
boundary conditions for the eigenmode analysis of optical wave-
guides. The general procedure of the matched interface and boundary
(MIB) method will be described next. A new ray-casting MIB method
will then be proposed and the discretization details are given.
2.1. Physical equations and boundary conditions

Consider a linear isotropic optical waveguide with a smooth per-
fectly electric conducting (PEC) boundary C. The optical waveguides
are normally homogeneous in the z-direction so that one can as-
sume the field solution varies as e�jbz along the z-direction, where
b is the propagation constant and j ¼

ffiffiffiffiffiffiffi
�1
p

. A large enough rectangu-
lar computational domain is assumed to enclose the PEC boundary
as an embedded boundary. For simplicity, we will consider only
magnetic field intensity H. Equations for the electric field intensity
E can be similarly treated. By using the source-free Maxwell’s equa-
tions, the following vector wave equation can be derived for H

r� 1
�
r�H

� �
� k2

0lH ¼ 0; ð1Þ

where � and l are, respectively, the relative permittivity and per-
meability coefficients, and k0 = 2p/k is the free space wavenumber
with k being the free space wavelength. By using vector analysis
and the z-direction dependence in terms of b, Eq. (1) reduces to [19]

r2
t Hþ k2

0�lH ¼ b2H� � rt
1
�
� rt

� �
H; ð2Þ

where rt is the transverse part of r.
For the commonly used step-index optical waveguides, the
dielectric coefficient � is a piecewise constant. Consequently, ex-
cept on the interface separating two dielectric media, the magnetic
field H satisfies the vector Helmholtz equation

r2
t Hþ k2

0�lH ¼ b2H; ð3Þ

within each homogeneous medium. Because a Cartesian grid meth-
od makes use of a simple uniform grid throughout the domain, the
governing equations are better prescribed in terms of Cartesian
components of H, i.e., Hx, Hy, and Hz. In particular, these Cartesian
components individually satisfy the scalar Helmholtz equation
within each homogeneous medium

@2H
@x2 þ

@2H
@y2 þ k2

0�lH ¼ b2H; ð4Þ

where H stands for Hx, Hy, or Hz.
To recover the effect of the singular term being dropped in (2),

some necessary conditions at material interface have to be im-
posed in the numerical discretization [18,19]. Such conditions are
known as the jump conditions in the literature and they relate field
solutions analytically in both media

n̂� ðEþ � E�Þ ¼ 0; n̂ � ð�þEþ � ��E�Þ ¼ 0;

n̂� ðHþ �H�Þ ¼ 0; n̂ � ðlþHþ � l�H�Þ ¼ 0; ð5Þ

where the superscript, � or +, denotes the limiting value of a func-
tion from one side or the other of the interface. Here n̂ is the unit
vector normal to the interface. It is noted that the scalar Helmholtz
equation (4) is valid for step-index inhomogeneous waveguide, pro-
vided that the jump conditions (5) are enforced at the interface too.

The previously developed matched interface and boundary
(MIB) methods for optical waveguides are numerical approaches
to impose jump conditions (5) at dielectric interfaces of arbitrary
shape [18,19]. However, such MIB methods can not be directly
generalized to solve the present PEC boundary problem, because
the PEC boundary conditions have a different nature. To illustrate
the idea, consider a point P to be either a point on the material
interface or a point on the PEC boundary. Assume the curvature
at point P to be j or the effective radius be R = 1/j. Geometrically,
this defines a osculating circle and a corresponding local cylindrical
coordinate system ð~q; ~u;~zÞ [19]. On such a local grid system, the
jump conditions (5) reduce to the following six jump conditions
for the cylindrical components of E and H

½Hz� ¼ 0; ½Hu� ¼ 0; ½lHq� ¼ 0; ½Ez� ¼ 0; ½Eu� ¼ 0; ½�Eq� ¼ 0;

ð6Þ

where [u] denotes a function jump for a scalar function u, i.e.,
½u� :¼ limq!Rþu� limq!R�u.

On the other hand, at a PEC boundary point P, we have the fol-
lowing boundary conditions

n̂� E ¼ 0; n̂ � ð�EÞ ¼ qs; n̂�H ¼ Js; n̂ � ðlHÞ ¼ 0; ð7Þ

where qs and Js is, respectively, the induced surface electric charge
density and electric current density. These densities are generally
nonzero since there are plenty of free charges that are confined to
a very thin layer on the surface of the perfect conductor. Neverthe-
less, such nonzero values are usually unknown in the typical elec-
tromagnetic applications, such as the present eigenvalue analysis
of optical waveguides. Therefore, in the filed of computational elec-
tromagnetics (CEM), two unfixed boundary conditions have to be
neglected in (7). This gives rise to the commonly used PEC boundary
conditions in the literature

n̂� E ¼ 0; n̂ � ðlHÞ ¼ 0: ð8Þ
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In the local cylindrical coordinate, Eq. (8) represents three PEC
conditions

Eu ¼ 0; Ez ¼ 0; lHq ¼ 0: ð9Þ

In comparing the interface jump conditions (6) with the PEC bound-
ary conditions (9), one might argue that the PEC conditions are
mathematically stronger in the sense that they specify the zero val-
ues of fields at the PEC walls, while the jump conditions only pro-
vide a connection across the dielectric interfaces. However, we
actually have six jump conditions for each field component in (6),
whereas one does not know the function behavior for the other
three field components that are missing in (9). This is essentially
why the interface methods cannot be directly generalized to solve
the PEC boundary problems.

2.2. Full vectorial finite difference methods based on the MIB

We will describe the general procedure of the MIB method in this
subsection. We first assume l = 1 as in most common electromag-
netic applications. A uniform mesh is employed throughout the do-
main. A typical PEC boundary segment and the surrounding
Cartesian nodes are shown in Fig. 1. Because we will solve step-index
optical waveguides by using the previously developed MIB methods
[18,19] to treat the dielectric interfaces in our numerical tests, we
will formulate the proposed MIB method for the PEC walls in the
same setting. In particular, a full vectorial formulation in terms of
transverse magnetic field components (Hx,Hy) will be considered.

Both Hx and Hy satisfy the scalar Helmholtz equation (4). The
standard fourth order finite difference scheme will be employed
to approximate both x and y derivatives of (4) in the MIB method.
For example, denoting Hi,j = H(xi,yj), one has

@2

@x2 Hi;j �
1

Dx2 � 1
12

Hi�2;j þ
4
3

Hi�1;j �
5
2

Hi;j þ
4
3

Hiþ1;j �
1

12
Hiþ2;j

� �
:

ð10Þ

Such an approximation will be used whenever (xi,yj) is within the
PEC boundary. For (xi,yj) near the PEC boundary C, the approxima-
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Fig. 1. Illustration of the MIB grid partition. Filled circles: Cartesian nodes; open
circles: fictitious nodes; squares: auxiliary nodes.
tion (10) involves grid nodes outside the dielectric medium. A uni-
versal rule of the MIB is that to approximate function or its
derivative on one side of interface/boundary, one never directly re-
fers to function values from the other side. Instead, fictitious values
from the other side of the interface/boundary will be supplied. For
example, for the particular grid topology shown in Fig. 1, we have
the following modified finite difference approximation for the y
derivative

@2

@y2 Hi;j �
1

Dy2 � 1
12

Hi;j�2 þ
4
3

Hi;j�1 �
5
2

Hi;j þ
4
3
eHi;jþ1 �

1
12
eHi;jþ2

� �
;

ð11Þ

where eHi;jþ1 denotes the fictitious value at the node (xi,yj+1). Such an
approximation maintains the fourth order of accuracy, provided
that eHi;jþ1 and eHi;jþ2 are accurately estimated.

To discretize the Helmholtz equation (4) on all interior nodes by
using the fourth order finite difference, it is sufficient to accurately
generate two layers of fictitious nodes coating the PEC wall C. Note
that on each fictitious node, two fictitious values eHx and eHy are
needed. To compute them, we actually solve fictitious values eHq

and eHu on the same node first, because the PEC conditions will
be prescribed in terms of local magnetic components. Then, the fol-
lowing coordinate transformations shall be performed to relate
global field components Hx and Hy and local field components Hq

and Hu at regular node or fictitious node

Hq ¼ cos uHx þ sin uHy; Hu ¼ � sinuHx þ cos uHy; ð12Þ
Hx ¼ cos uHq � sin uHu; Hy ¼ sin uHq þ cos uHu: ð13Þ

With these transformations, the Helmholtz equation (4) can be
solved throughout in terms of (Hx,Hy). On the other hand, we note
that Hq and Hu do not satisfy the Cartesian Helmholtz equation (4).

The essential part of the MIB method is the fictitious value
determination. For elliptic interface problem [22] and electromag-
netic interface problem [18,19], a key idea of the MIB fictitious do-
main treatment is to decompose the higher dimensional interface
conditions so that they can be imposed in a one dimensional man-
ner. Normally, besides the zeroth order conditions on function val-
ues of field components, the normal and tangential derivative
conditions are also required in the MIB algorithm development.
To this end, let us investigate the available PEC conditions for the
local cylindrical components (Hq,Hu). Based on equation (9), we
have Hq = 0 since l = 1. Differentiating along the boundary, one
has @Hq

@u ¼ 0. However, in general, we do not know the value of nor-
mal derivative @Hq

@q . Similarly, for Hu, nothing is available about its
value and tangential derivative. Instead, a PEC condition on its nor-
mal derivative can be derived. In particular, we consider one Max-
well’s equation in the local cylindrical coordinate

@Ez

@t
¼ 1
�

@Hu

@q
þ 1

q
Hu � 1

q
@Hq

@u

� �
: ð14Þ

At the PEC boundary point P, we have q = R and Ez = 0 at all time so
that @Ez/@t = 0. Also, since @Hq

@u ¼ 0, Eq. (14) reduces to a Robin
boundary condition for Hu at P

@Hu

@q
þ 1

R
Hu ¼ 0: ð15Þ

In summary, we have the following three PEC boundary
conditions for local magnetic field components Hq and Hu

Hq ¼ 0;
@Hq

@u
¼ 0;

@Hu

@q
þ 1

R
Hu ¼ 0: ð16Þ

For a comparison, we would like to point out that there are actually
six jump conditions for Hq and Hu at the dielectric interface [18,19]
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Fig. 2. Illustration of the ray-casting process of the MIB scheme.
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½Hq� ¼ 0; ½Hu� ¼ 0;
@Hq

@q

� �
¼ 0;

@Hq

@u

� �
¼ 0;

@Hu

@u

� �
¼ 0;

1
�
@Hu

@q

� �
þ 1

R
1
�

Hu
� �

¼ 1
R

1
�
@Hq

@u

� �
:

ð17Þ

In other words, both field components (Hq,Hu) and all their normal
and tangential derivatives are known at the material interfaces. Nev-
ertheless, this is not the case at the PEC walls. Therefore, alternative
fictitious domain treatment has to be constructed at the PEC walls.

2.3. Ray-casting MIB method

To overcome the difficulty associated with the PEC boundary,
we propose a novel ray-casting MIB scheme. Unlike the previous
MIB methods [18,19] which decompose the jump conditions into
Cartesian directions x or y, the ray-casting MIB scheme will discret-
ize the PEC conditions (16) only along the normal direction. Thus,
the second equation in (16), i.e., the tangential derivative condi-
tion, is not needed in the present approach.

To illustrate the idea, let us consider the determination of eHq

and eHu on the fictitious node (xi,yj+1) in Fig. 1. An auxiliary normal
line will be generated, which is both passing the node (xi,yj+1) and
perpendicular to the C at an intersection point P. In order to main-
tain the fourth order of accuracy, five auxiliary nodes inside the
PEC wall shall be employed to discretize (16). Denote the angle be-
tween the auxiliary normal line and the positive x direction to be h.
One needs to consider two scenarios depending on whether the
auxiliary line meets the x or y grid line first inside the PEC wall.
Computationally, this can be determined by examining the relation
between h and the mesh angle tan�1(Dy/Dx). For example, when
Dy = Dx, if 3p

4 P h P p
4 or 7p

4 P h P 5p
4 , these five auxiliary nodes will

be chosen as the intersection points of the auxiliary line with five x
grid lines. Otherwise, they will be set as the intersection points
with five y grid lines. Fig. 1 shows the situation for the former case,
while the latter case can be similarly formulated and will not be
discussed for simplicity.

As shown in Fig. 1, the five auxiliary nodes are denoted as
ðxA1 ; yjÞ, ðxA2 ; yj�1Þ, ðxA3 ; yj�2Þ, ðxA4 ; yj�3Þ, and ðxA5 ; yj�4Þ. Together with
the fictitious node (xi,yj+1), this defines a six-points stencil. The q
values along this stencil are denoted to be q0 for (xi,yj+1) and
(q1,q2,q3,q4,q5) for the rest five auxiliary nodes. A finite difference
approximation kernel differentiating at q = R can then be gener-
ated based on six q values. Consequently, (16) can be discretized
along the auxiliary line or the normal direction

w0
0
eHq

i;jþ1 þ
X5

k¼1

w0
kHq

Ak ;jþ1�k ¼ 0;

w1
0 þ

w0
0

q0

� �eHu
i;jþ1 þ

X5

k¼1

w1
k þ

w0
k

qk

� �
Hu

Ak ;jþ1�k ¼ 0;

ð18Þ

where wm
k for m = 0, 1 and k = 0,1, . . . ,5 are finite difference weights.

Here the superscript m represents interpolation (m = 0) or the first
order derivative approximation (m = 1), and the subscript k is for
the index of q.

By solving two algebraic equations in (18), one attains fictitious
values eHq

i;jþ1 and eHu
i;jþ1 as linear combinations of function values of

Hq and Hu on five auxiliary nodes

eHq
i;jþ1 ¼ �

1
w0

0

X5

k¼1

w0
kHq

Ak ;jþ1�k;

eHu
i;jþ1 ¼ �

1

ðw1
0 þ

w0
0

q0
Þ

X5

k¼1

w1
k þ

w0
k

qk

� �
Hu

Ak ;jþ1�k:

ð19Þ

via the coordinate transformation (12) and (13), the fictitious valueseHx
i;jþ1 and eHy

i;jþ1 will also be some linear combinations of function
values of Hx and Hy on five auxiliary nodes. Finally, to attain a full
Cartesian grid approach, each auxiliary point will be interpolated
along x line by using six nearest nodes exclusively inside the PEC
wall, see Fig. 1. We note that there are situations in which no en-
ough nodes are available for the interpolation of the first auxiliary
node ðxA1 ; yjÞ. In such a case, the first x grid line shall be skipped
and the five auxiliary nodes shall be chosen as the intersection
points of the normal line with the next five x grid lines. In other
words, a down shifting of all involved nodes will be carried out.
Such an adaptive procedure works quite well in our experiments.

In the final ray-casting MIB discretization, each fictitious value
of eHx or eHy at node (xi,yj+1) will depend on totally 60 function val-
ues of Hx and Hy on 30 Cartesian nodes shown in Fig. 1. To complete
the fourth order finite approximation (10), two more fictitious val-
ues at node (xi,yj+2) are required. In the present study, the afore-
mentioned procedure for (xi,yj+1) can be simply carried out again
to resolve eHx

i;jþ2 and eHy
i;jþ2 in terms of another set of 60 function val-

ues of Hx and Hy. Thus, two fictitious nodes (xi,yj+1) and (xi,yj+2) are
independent from each other, while in the previous MIB interface
schemes [22,18], they are usually coupled. By applying the ray-
casting MIB treatment for every possible fictitious point, finally
two layers of fictitious points are generated to coat the PEC wall
C, see Fig. 2. In some sense, these fictitious nodes are constructed
as the normal projections of certain PEC boundary points through a
ray-casting process.

3. Numerical results

Three waveguide structures involving both homogeneous and
inhomogeneous media are employed to validate the proposed
ray-casting MIB approach. For all waveguide analyses, only a few
dominate modes are considered and the corresponding effective
propagation constant be = b/k0 will be calculated and compared
with analytical results [23]. In all cases, a large enough square
computational domain [�a,a] � [�a,a] is used. Here the domain
size a is usually chosen as a non-integer number such that the
boundary intersection and orientation with respect to the Carte-
sian grid could be arbitrary. For simplicity, a uniform mesh of size
N � N, i.e., Dx = Dy, is employed.

3.1. Hollow circular waveguide

We first consider a hollow circular waveguide with a radius
R = 1. The physical parameters are selected as � = 1 and k = 1. This
example has been previously studied in [4] and the analytical
result is known to be be = 0.95610217441041 [4,23] for the first
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dominate mode, i.e., the fundamental mode. This fundamental
mode is an transverse electric (TE) mode, since it can be expressed
in a form in which Ez = 0. Moreover, in the literature [23], this TE
mode is commonly referred to as the TE11 mode, which has the
smallest cutoff frequency for the circular waveguide.

In present study, we choose domain size a = p/2 and consider
different mesh size N. The absolute errors in be of the ray-casting
MIB method are depicted as a dashed line in Fig. 3. A linear fitting
by means of the least squares (LS) is then conducted in the log–log
scale [16] and the fitted convergence line is shown as a solid line in
Fig. 3. Moreover, the fitted slope essentially represents the numer-
ical convergence rate r of the MIB scheme. For this simple hollow
waveguide, a over-performance rate r = 6.03 is numerically de-
tected. This demonstrates the superior accuracy of the proposed
MIB scheme. The components Hx and Hy of the fundamental mode
are depicted in Fig. 4. It can be seen that in general both Hx and Hy

are nonzero at the PEC boundary. The PEC boundary is treated as an
immersed boundary in the present Cartesian grid method with a
square computational domain. In the perfect conductor, the values
of Hx and Hy are physically undefined, while in numerical experi-
ments, they are simply taken as zeros.

3.2. Partially filled circular waveguide

We note that by using an isoparametric finite element method,
up to the 6th order of accuracy has been achieved in [4] for solving
the hollow circular waveguide. However, when applying that meth-
od to inhomogeneous waveguides, the convergence rate becomes
essentially second order [4]. It is thus of great interest to investigate
the performance of the proposed MIB method for solving inhomoge-
21 31 41 61 81 121 161
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Fig. 3. Numerical convergence rate for the hollow circular waveguide.

Fig. 4. The fundamental mode of the hollow
neous waveguides. To this end, we consider a partially filled circular
waveguide with an interior circular interface and an exterior circu-
lar PEC boundary. The radius is chosen to be R1 = 1 and R2 = 2,
respectively, for the interface and PEC boundary. A step-index pro-
file is considered, i.e., � = �1 for q < R1 and � = �2 for R1 < q < R2. Two
sets of dielectric constants will be considered, one with low contrast
(Case 1) and another with high contrast (Case 2). In both cases, the
wavelength is fixed to be k = 2 and the cladding region is assumed to
be the air, i.e., �2 = 1. For the core region, �1 is chosen to be �1 = 2.25
and �1 = 12.25, respectively, for the Cases 1 and 2. The analytical
eigenvalues of the fundamental modes are available [23] to be
be = 1.358971746062259 and 3.422561765974605, respectively,
for Cases 1 and 2.

The complete MIB discretization is generated by using the pre-
viously developed MIB scheme [18,19] for treating the interface
and the present ray-casting MIB scheme for dealing with the PEC
boundary. By setting the domain dimension to be a = 2 + p/3, the
numerical results of both cases are depicted in Fig. 5. Here, both
the MIB errors in terms of jbej (dashed lines) and the corresponding
fitted convergence lines (solid lines) are shown. For Cases 1 and 2,
the numerical order r is calculated to be 4.60 and 4.66, respec-
tively. Since the MIB interface scheme has been shown to be of
the fourth order of accuracy in [18,19], the present results verify
the fourth order convergence of the proposed ray-casting MIB
method. Furthermore, the present results also indicate the robust-
ness of the MIB approach for dealing with high contrast index
profiles.

The Hx and Hy components of the fundamental mode for the low
contrast case are shown in Fig. 6. Here, both real and imaginary
circular waveguide. (a) Hx and (b) Hy.
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Fig. 5. Numerical convergence rates for the partially filled circular waveguide.
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parts of the field components are presented, because the numerical
fundamental mode is complex in the present study. In fact, both
eigenvalues be and eigenfunctions of two index profiles keep to
be complex for the present partially filled circular waveguide,
when different mesh size N and different tolerance in the iterative
eigen-solver [24] are chosen. Even though the fundamental modes
of a lossless waveguide should theoretically take real values, the
MIB discretized matrix is not symmetric. Thus, numerically it
might produce complex eigenvalues. Similar situation has been
seen in other MIB studies [19]. Moreover, in consistent with our
findings in [19], the imaginary part of the present eigenvalue, i.e.,
Im(be), is usually very small. For example, when taking N = 61,
Im(be) is on the order of 10�7–10�6. Thus, its contribution to the
magnitude jbej is comparable to the double precision limit. In other
words, such a contribution is negligible when computing jbej.
Meanwhile, we note that Im(be) is usually smaller than the corre-
sponding MIB error, which is about 10�6–10�5 for N = 61 (see
Fig. 5). Therefore, it is believed that when using a larger and larger
Fig. 6. The fundamental mode of the partially filled waveguide. (a) The real part of Hx; (
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Fig. 7. Contour plots of the fundamental mode of th
mesh size N, the MIB results will converge to the true real-valued
physical mode.

Even though the MIB eigenfunctions are complex, some in-
depth understanding of physics can still be revealed through their
graphs. First, it can be observed from Fig. 6 that all eigenmodes are
well confined within the PEC boundary. This can also be seen in the
contour plots in Fig. 7. Physically, such a confinement is because of
the exponential decay of eigenfunctions in the cladding region
(1 < q < 2). Nevertheless, a closer investigation indicates that again
Hx and Hy are nonzero at the PEC boundary, but attain small values
on the order of 10�3. Second, it is known that for the partially filled
circular waveguide, only a rotationally symmetric field can be
either transverse electric (TE) or transverse magnetic (TM), while
the fundamental mode is neither TE nor TM [23]. The contour plots
of Hx and Hy in Fig. 7 clearly show that our numerical fundamental
fields are not rotationally symmetric fields. Thus, they are neither
TE nor TM. However, under the limit of �2 ? �1, this fundamental
mode will reduce to the TE11 mode of the empty waveguide.
b) the imaginary part of Hx; (c) the real part of Hy and (d) the imaginary part of Hy.
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3.3. Coaxial waveguide

We finally consider a coaxial waveguide with perfect conduc-
tors being located both inside a radius R1 = 0.75 and outside a ra-
dius R2 = 2. The physical parameters are chosen as � = 2.25 and
k = 1. Two dominate modes are considered in the present study.
The fundamental mode of the coaxial waveguide is known to be
a transverse electromagnetic (TEM) mode [23], which exists when
both Ez and Hz equal to zero. The corresponding eigenvalue is fixed
to be be = 1.5, no matter what values of R1, R2, � and k are em-
ployed. Thus, in some engineering context, such a mode might be
referred to as a boundary mode, because it is induced by the two
conductor boundary structure, not by the interior dielectric profile.
Computationally, the study of the fundamental mode is sufficient
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Fig. 8. Numerical convergence rates for the coaxial waveguide. First mode: the TEM
mode. Second mode: the TE11 mode.

Fig. 9. The dominate modes of the coaxial waveguide. (a) Hx component of the TEM mode
component of the TE11 mode.
to test the proposed algorithm under different model parameters.
We thus consider the second dominate mode, i.e., the TE11 mode
with an analytical eigenvalue be = 1.495301277452637 [23]. The
TE11 mode depends on the structure and dielectric profile.

Numerically, to account for the two conductor structure, two
reversal ray-casting processes will be conducted, because the out-
ward normal directions for the both PEC boundaries are opposite. A
fully automatic MIB implementation is coded so that the same sub-
routine can handle both situations. The MIB error and correspond-
ing convergence line for both TEM and TE11 modes are depicted in
Fig. 8. Clearly, the MIB method attains exactly the fourth order of
convergence rate in both cases. The Hx and Hy components of
two dominate modes are plotted in Fig. 9. In all charts, the eigen-
functions are vanishing in the interior and exterior perfect conduc-
tors. Moreover, it can be seen from Fig. 9 that the eigenfunctions of
the TE11 mode undergo a sharp increment along the q direction
near the inner PEC boundary R1 = 0.75. Mathematically, it is known
that the analytical Bessel solution of this problem is singular at the
origin [23], if it is extended to the whole domain. Such a rapid
variation is difficult to be resolved by using a low order finite
difference method, while the present higher order approach dem-
onstrates excellent results in simulating such a problem.

At last, we study the computational efficiency of the MIB meth-
od. Computationally, the CPU time spend for the MIB fictitious
domain generation is usually much less than that consumed by
solving the eigen-system via a standard iterative solver [24].
Although the bandwidth of the MIB method is as large as 60 for
each irregular node, such a bandwidth is fixed for different mesh
size N. On the other hand, the total number of irregular nodes in-
creases with respect to the mesh size N linearly, because the num-
ber of total irregular points is one-dimension lower than the
number of total grid points. Thus, the computational overhead of
the MIB treatments essentially scales as O(N). We demonstrate this
by testing the CPU times of the MIB preprocessing in solving the
coaxial waveguide, see Table 1. The linear trend is clearly seen
for the MIB CPU times and the MIB overhead consumes a negligible
; (b) Hy component of the TEM mode; (c) Hx component of the TE11 mode and (d) Hy



Table 1
Numerically detected CPU times for the coaxial waveguide (measured in second).

N 31 61 121 241

MIB 2.00 � 10�3 3.99 � 10�3 7.99 � 10�3 1.59 � 10�2

Total 3.48 3.23 � 101 6.87 � 103 2.14 � 105
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amount of time comparing with the total CPU time. This is in con-
sistent with the findings in our previous studies [18].

4. Conclusion

In conclusion, we have introduced a novel ray-casting MIB
method for solving curved PEC boundaries. The previously devel-
oped MIB scheme for solving dielectric interface problems
[18,19] is not applicable to treat the PEC wall, because the PEC
boundary conditions have a physical nature quite different from
that of the jump conditions at the dielectric interface. In particular,
all six electric and magnetic field components are prescribed in the
jump conditions, whereas only three of them are known at the PEC
wall. A novel ray-casting process is proposed in this work to
enforce the PEC boundary conditions only along the normal direc-
tions. Such a process is effectively coupled with the overall ficti-
tious domain generation of the MIB approach. The fourth order
convergence of the ray-casting MIB method is numerically con-
firmed for both homogeneous and inhomogeneous waveguides.
The CPU time for the MIB preprocessing has been shown to be
negligible in numerical computations. The testing of the proposed
MIB method for more complex geometry is currently under
investigation. We finally note that as in [18,19] the curved PEC
boundaries considered in this work are C1 continuous. This is
because very likely the higher order methods will be degraded to
the second order if the geometry boundary is only C0 continuous,
due to the corner singularity problems [14–16].
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