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a b s t r a c t

In this paper, motivated by the needs of tracking the transient change in the regularity
of the electromagnetic fields across a Drude interface, we propose a new Maxwell–Drude
formulation for transverse magnetic problems with inhomogeneous Drude dispersive
materials. Based on the auxiliary differential equation approach, the proposed formulation
couples the wave equation for the electric component with Maxwell’s equations for
the magnetic components. A new finite-difference time-domain (FDTD) algorithm is
introduced for solving the proposed Maxwell–Drude system, in which the time dependent
jump conditions across theDrude interface are enforced through thematched interface and
boundary (MIB) method. The proposed FDTD method achieves a second order of accuracy
in solving Drude interfaceswith fluctuating curvatures and non-smooth corners based on a
simple Yee lattice, while it can be generalized to up to sixth order in dealing with a straight
Drude interface. Therefore, the proposed FDTDmethod is more accurate and cost-efficient
than the classical FDTD methods for Drude material with complex interfaces.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

In the electromagnetics, a medium is called dispersive if its permittivity or permeability depends on the wave frequency.
When an electromagnetic wave is propagating in a dispersive medium, different frequencies will travel at different speeds.
The time domain dispersion simulation is indispensable for many practical applications involving dispersive materials. For
example, in the ground penetrating radar [1] that uses the transmittance of pulses to image the subsurface in order to detect
buried objects, the geological media are dispersive. Similarly, the microwave imaging has been used for the early detection
of breast cancer [2], in which the biological tissues are dispersive. In the near-field optics, the scattering of light by metallic
nano-structures is of great interests for the sub-wavelength imaging and sensing. At optical frequencies, metals shall be
described as dispersive [3].

Many novel dispersive approaches have been developed in the literature to simulate the wave propagation in dispersive
media, through solving Maxwell’s equations in the time domain, such as finite-difference time-domain (FDTD) methods
[4–8], finite element time domain methods [9–13], discontinuous Galerkin time domain methods [14–18], and so on. A
major focus in these developments is on how to incorporate the frequency dependent material constitutive relations into
the time domain Maxwell formulation. Nevertheless, less attention has been paid on how to treat dispersive interfaces
of complex shapes in the time domain Maxwell solvers. Because the wave solutions are non-smooth across a dispersive
interface, the absence of a proper interface treatment often degrades the accuracy of a Maxwell solver to just first order.
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It is well known that the FDTD method has been a main workhorse of the computational electromagnetics (CEM) in
the time domain [19], owing to its simplicity, lack of dissipative error, and having very low cost per grid node. However,
comparingwith other dispersive approaches, the dispersive FDTD algorithms [4–8] suffer froma larger accuracy reduction at
a dispersive interface, due to a staircase representation for complex geometry. To reduce the staircase error of the dispersive
FDTD simulation, several smoothing techniques [20–22] have been constructed to approximate the permittivities in the
vicinity of the interface by an averaged smooth effective permittivity. In [23], a domain decomposition method based on
overlapping grids has been introduced to effectively treat curved dispersive interfaces, so that the staircase error could be
eliminated in the dispersive FDTD computation.

To fully restore the accuracy near a dielectric interface, besides the removal of the staircase error, the physical jump
conditions defined on the material interface must also be satisfied in the Maxwell discretization [24–26]. For nondispersive
interfaces, many high order embedded FDTDmethods [24] have been successfully developed to enforce the jump conditions
in the FDTD discretization. However, these high order embedded FDTDmethods [24] cannot be directly generalized to treat
a dispersive interface, because the jump conditions become time variant for the dispersive interface [27–29].

Recently, we have introduced a high order FDTDmethod for dealing with Debye type dispersive interfaces, based on the
matched interface and boundary (MIB) scheme [27–29]. ThisMIB time domain (MIBTD) approach is not only free of staircase
error in accommodating curved interfaces, but also can deliver a second order of accuracy in treating inhomogeneous Debye
media. The success of the MIBTD approach lies in a new modeling of the time dependent jump conditions and a new
Maxwell–Debye system [27–29]. However, the previous MIBTD development only focused on Debye materials. Additional
issues need to be addressed in extending it to the Drude materials. In particular, the auxiliary differential equation (ADE)
of the Drude material is a second order differential equation while that of the Debye medium is just first order. We note
that the Drude model may be decomposed into a linear combination of a Debye model and a constant-conductivity model,
so that only first order ADEs need to be solved numerically. However, such an approach involves not only electromagnetic
fields, but also the current density. This introduces grand difficulty to the MIBTD modeling, because the jump conditions of
the current density are generally unknown. A second order ADE model for the Drude material is thus more tractable to the
MIBTD method, in which jump conditions are only enforced for electric and magnetic fields. To the authors’ knowledge, no
high order interface treatment has ever been developed to dealwith the second order Drudematerials in the FDTD literature.

The objective of this paper is twofold. First, a novel hybrid Maxwell–Drude transverse magnetic (TM) formulation
will be constructed, which couples the wave equation for the electric component with Maxwell’s equations for the
magnetic components. This hybrid formulation enables an accurate tracking of the transient change in the regularity of
the electromagnetic fields across the Drude interface. Second, a high order FDTD method based on the MIB scheme will be
developed for solving two-dimensional (2D) TM Maxwell’s equations with irregularly shaped Drude interfaces based on a
simple Cartesian grid. The enforcement of the time dependent jump conditions essentially fits the finite difference weights
to the dispersive interfaces so that the staircase error is eliminated.

This paper is organized as follows. In Section 2, a brief introduction to Maxwell theory and Drude dispersive model is
first given. A newMaxwell–Drude formulation will then be proposed. In Section 3, to facilitate the interface treatments, we
derive the jump conditions across a Drude interface in both local coordinates and Cartesian coordinates. The development
of the MIBTD algorithms for smooth and non-smooth interfaces will be presented in Section 4. The performance of the
proposed MIBTD method for Drude interface problems is verified in Section 5. Finally, this paper ends with a conclusion.

2. Maxwell–Drude formulation

Consider a linear isotropic electromagnetic structure involving dispersive materials. Assume that both the structure
and incident wave are invariant in the z direction, so that all z derivatives of electromagnetic fields can be removed in
Maxwell’s equations. Then, the resulting 2D equations can be decomposed into two independent sets, i.e., the TMmode and
the transverse electric (TE) mode. In this work, we will focus only on the TM system in some inhomogeneous media

∂Dz

∂t
=
∂Hy

∂x
−
∂Hx

∂y
,

∂Hy

∂t
=

1
µ

∂Ez
∂x
,

∂Hx

∂t
= −

1
µ

∂Ez
∂y
, (1)

where Ez is the electric field component, Hx and Hy are, respectively, the magnetic field x and y components, and Dz is the
electric displacement component.

In the present study, we assume thematerials to be non-magnetic, i.e., themagnetic permeabilityµ = µ0. In a dispersive
medium, the electric constitutive relation is expressed in the frequency domain

D̂z = ϵ̂(ω)Êz, (2)

where ϵ is the electric permittivity, and the time-harmonic components are obtained via the Fourier transforms of the time-
varying components. The single-pole Drude dispersion model is considered in this paper [3]

ϵ̂(ω) = ϵ0


ϵ∞ −

ω2
1

ω2 − iωγ


, (3)

where i is the imaginary unit and ω is the angular frequency. Here, ω1 is the Drude pole frequency, γ is the inverse of the
pole relaxation time constant, and ϵ0 and ϵ∞ are, respectively, the permittivities of free space and at high frequency limit.
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By using the auxiliary differential equation (ADE) approach [4], the Drude constitutive equation can be represented in the
time domain

∂2Dz

∂t2
+ γ

∂Dz

∂t
= ϵ0ϵ∞

∂2Ez
∂t2

+ ϵ0ϵ∞γ
∂Ez
∂t

+ ϵ0ω
2
1Ez . (4)

The classical TM system formed by Eqs. (1) and (4) is a closed system of four components Dz, Ez,Hx, and Hy, and its finite
difference discretization yields a dispersive FDTD algorithm for Drude materials.

In this paper, motivated by interface considerations, we propose a new Maxwell–Drude system

∂Ez
∂t

= Ėz,
∂Hy

∂t
=

1
µ0

∂Ez
∂x
,

∂Hx

∂t
= −

1
µ0

∂Ez
∂y
,

∂ Ėz
∂t

= −γ Ėz −
ω2

1

ϵ∞
Ez +

1
µ0ϵ0ϵ∞


∂2Ez
∂x2

+
∂2Ez
∂y2


+

γ

ϵ0ϵ∞


∂Hy

∂x
−
∂Hx

∂y


. (5)

Obviously, this new system is a hybrid one coupling the first order equations for Hx and Hy with the wave equation for Ez . Its
equivalence to the classical Maxwell–Drude system can be easily established within a homogeneous Drude material. For an
inhomogeneous problem involving a dispersive interface, physical interface conditions must be satisfied in the numerical
discretization. We note that three Drude parameters ϵ∞, ω1, and γ could be discontinuous across the dispersive interface.

3. Interface jump conditions

A typical Drude interface problem will be studied in this paper. Consider a 2D domain of a rectangle shapeΩ = [a, b] ×

[c, d]. Assume that an interface Γ separates the domainΩ into two partsΩ+ andΩ−, where Γ could be either a straight
line or a curve. For two media on both hand sides of Γ , if one of them is a Drude medium, we will refer to Γ as a Drude
interface. For simplicity, we will assume the other medium, say Ω+, being the air or vacuum in the present study. Define
the jump of a function u(x, y) at Γ to be [u] := u+

− u−, where the superscript, − or +, denotes the limiting value of
function from one side or from the other side of the interface. For the present Drude–air dispersive interface, we assume the
material equation (3) in the vacuumΩ+ as well with ϵ+

∞
= 1 andω+

1 = 0. Then, the high frequency limit ϵ∞ and the Drude
pole frequency ω1 in (4) are both discontinuous across the interface Γ . Here, γ+ is a free parameter so that we can assume
γ = γ−

= γ+ being a constant throughoutΩ .
Across the interface Γ , field solutions in both media are related analytically via the jump conditions [19]

n⃗ ×

E+

− E−


= 0, n⃗ ·

D+

− D−


= 0,

n⃗ ×

H+

− H−


= 0, n⃗ ·

µH+

− µH−


= 0, (6)

where n⃗ is the unit vector normal to the interface, pointing from Ω− into Ω+. Denote τ⃗ as the tangential direction at an
interface point. A local Cartesian coordinate (n⃗, τ⃗ , z⃗) can then be assumed at this interface point. Consequently, six zeroth
order jump conditions can be derived from (6)

[Ez] = 0, [Eτ ] = 0, [Dn] = 0, [Hz] = 0, [Hτ ] = 0, [Hn] = 0. (7)

As in [25,26], these zeroth order jump conditions will be combined with Maxwell’s equations to derive the first order jump
conditions for both electric and magnetic components

∂Ez
∂n


= 0,


∂Ez
∂τ


= 0,


∂Hτ
∂τ


= 0,


∂Hn

∂τ


= 0,


∂Hn

∂n


= 0. (8)

We still need one more first order jump condition. Following [27,28], let us suppose that [∂Dz/∂t] = ψ(t, x, y) for some
unknown functionψ(t, x, y). We then take the jump operation to the first equation of (1) to deduce the last jump condition

ψ(t, x, y) =


∂Dz

∂t


=


∂Hy

∂x


−


∂Hx

∂y


. (9)

Since the field components are Cartesian ones in (1), we need to transfer the jump conditions (7) and (8) into the
Cartesian coordinate [29]. Denote the angle between n⃗ and the x-axis as θ . Then the field components in the local coordinate
and the Cartesian coordinate are related via simple coordinate transformations, i.e., Hn = cos θHx + sin θHy and Hτ =

− sin θHx + cos θHy. It is easy to derive the following zeroth order jump conditions

[Hx] = 0,

Hy


= 0, [Ez] = 0. (10)

The first order jump conditions can be found by using the coordinate transformation for derivative operator

∂

∂n
= cos θ

∂

∂x
+ sin θ

∂

∂y
,

∂

∂τ
= − sin θ

∂

∂x
+ cos θ

∂

∂y
. (11)



4 D.D. Nguyen, S. Zhao / Journal of Computational and Applied Mathematics 285 (2015) 1–14

For two conditions of Ez given in (8), the coordinate rotation gives
∂Ez
∂x


= 0,


∂Ez
∂y


= 0. (12)

In combining these two conditions with the continuity condition of Ez given in (10), we thus have three Cartesian conditions
for Ez , which can be handled by the previous MIB method [29]. Similarly, we apply the coordinate transformation to other
three conditions in (8). This gives rise to

0 =


∂Hn

∂n


= cos2 θ


∂Hx

∂x


+ cos θ sin θ


∂Hx

∂y


+ sin θ cos θ


∂Hy

∂x


+ sin2 θ


∂Hy

∂y


,

0 =


∂Hτ
∂τ


= sin2 θ


∂Hx

∂x


− cos θ sin θ


∂Hx

∂y


− sin θ cos θ


∂Hy

∂x


+ cos2 θ


∂Hy

∂y


,

0 =


∂Hn

∂τ


= − sin θ cos θ


∂Hx

∂x


+ cos2 θ


∂Hx

∂y


− sin2 θ


∂Hy

∂x


+ cos θ sin θ


∂Hy

∂y


.

By solving these three equations together with (9), we attain the desired Cartesian jump conditions for Hx and Hy
∂Hy

∂x


= ψ(t, x, y) cos2 θ,


∂Hx

∂y


= −ψ(t, x, y) sin2 θ. (13)

We note that for a straight interface case with θ = 0, (13) can be further simplified.
The nonhomogeneous terms in (13) are unknown and time dependent. Thus, in the computation, one needs to estimate

ψ(t, x, y) at interface points at each time step. In order to calculate such values, we apply jump operators to (4) to derive
the following interface auxiliary differential equation (IADE)

∂ψ(t, x, y)
∂t

+ γψ(t, x, y) = ϵ0


ϵ∞
∂ Ėz
∂t


+ ϵ0γ


ϵ∞Ėz


+ ϵ0


ω2

1Ez

. (14)

We note that the proposed IADE (14) for the Drude material is a second order differential equation, while that of the Debye
material is a first order one [27–29]. A new difficulty here is how to approximate the highest order term, i.e., ∂ Ėz

∂t , in the
MIBTD algorithm.

We first simplify the right hand side term of (14). Thanks to the continuity of Ez and its time derivatives across Γ , this
term can be rewritten as

g(t, x, y) := ϵ0


ϵ∞
∂ Ėz
∂t


+ ϵ0γ


ϵ∞Ėz


+ ϵ0


ω2

1Ez


= ϵ0(ϵ
+

∞
− ϵ−

∞
)


∂ Ėz
∂t

+

+ ϵ0γ (ϵ
+

∞
− ϵ−

∞
)Ė+

z + ϵ0((ω
+

1 )
2
− (ω−

1 )
2)E+

z . (15)

Here we have introduced a new notation for g(t, x, y), so that (14) can be denoted as

∂ψ(t, x, y)
∂t

+ γψ(t, x, y) = g(t, x, y). (16)

Eq. (15) suggests that g(t, x, y) can be evaluated based on Ez, Ėz and ∂ Ėz
∂t values from the positive side. The details of such

an evaluation procedure will be offered in next section. Here, the positive side is chosen in the present study, because the
incident wave propagates from the positive domain Ω+. Alternatively, we can also use Ė−

z and E−
z to estimate g(t, x, y), if

necessary. With the approximated g(t, x, y) value, (16) enables us to calculate ψ(t, x, y) at various interface points at each
time step. We thus are able to track the unsteady nonhomogeneous values of (13), so that all Cartesian jump conditions
become deterministic. Finally, we note that it is because we need to know values of Ėz in (15) that we propose the new
Maxwell–Drude system (5), instead of employing the classical TM equations (1) and (4).

4. MIB time domain algorithm

The present Drude interface problem consists of the proposed Maxwell–Drude system (5) and the IADE (16). The
boundary conditions on the interface Γ are given by (10), (12) and (13), while some proper boundary conditions will be
assumed on the ∂Ω .

In the present study, the classical fourth order Runge–Kutta method [30] is employed to integrate both the Maxwell–
Drude system (5) and the IADE (16) with a fixed time increment ∆t . Because each fractional step of the four stage
Runge–Kutta time integration can be regarded as an Euler integration [30], we will illustrate the proposedMIBTD algorithm
by considering a simple forward Euler time-stepping from tk to tk+1 for simplicity.
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Fig. 1. The staggered grid system.

a b

Fig. 2. Illustration of the MIB grid partition. (a) A smooth interface; (b) A sharp corner. Filled circles: grid nodes; Open circles: fictitious nodes; Squares:
interface nodes.

A uniform staggered grid shown in Fig. 1 is used in our computations. Without the loss of generality, we assume that
the interface Γ will not pass any grid point in the present work. Since the geometry is time invariant, we can determine
all necessary interface points (xo, yo), which are the intersection points between Γ and x grid lines or y grid lines, at the
beginning of computation. In the following discussion, without the loss of generality, we assume that at the time tk, we
know field values of Ez,Hx, and Hy on staggered nodes and interface values of ψ(tk, xo, yo) on interface points.

In theMIBTD algorithm, away from the interface, the standard finite difference discretization of (5) is conducted,while for
staggered nodes near Γ , the MIB interface treatment [27–29] will be carried out to correct finite difference approximations
via imposing the jump conditions. In particular, the MIB interface treatment consists of two stages [25,26]. First, one
determines the necessary fictitious values of Ez,Hx, and Hy satisfying the jump conditions (10), (12) and (13). Second, using
fictitious values, the standard finite difference approximations can be applied across the interfaceΓ .We illustrate the details
for the MIB treatment of Ez along x direction. Other MIB treatments including Ez along y direction, Hy along x direction, and
Hx along y direction, can be similarly conducted, because the jump conditions involved in these treatments are decoupled.

We first discuss the MIB scheme for a smooth interface which is a C1 continuous curve. Consider a case shown in Fig. 2
(a), where for the interface point (xo, yo), we have yo = yj and xi < xo < xi+1. We denote Ei,j := Ez(tk, xi, yj). The x derivative
approximations at (xi, yj) and (xi+1, yj)will be corrected to be

∂2Ez
∂x2


i,j

≈
Ei−1,j − 2Ei,j + Ẽi+1,j

∆x2
,

∂2Ez
∂x2


i+1,j

≈
Ẽi,j − 2Ei+1,j + Ei+2,j

∆x2
, (17)

where Ẽi,j and Ẽi+1,j are fictitious values. We note that in the MIB treatment [25,26], in order to approximate function or
its derivative on one side of interface, we never use directly the function values of the other side. As illustrated in (17), the
fictitious values on the opposite side will be employed.

Two unknown fictitious values Ẽi,j and Ẽi+1,j can be determined by discretizing two jump conditions (10) and (12) in the
same manner as (17), i.e., never referring to function values across the interface

w+

0,1Ei−1,j + w+

0,2Ei,j + w+

0,3Ẽi+1,j = w−

0,1Ẽi,j + w−

0,2Ei+1,j + w−

0,3Ei+2,j + [E], (18)

w+

1,1Ei−1,j + w+

1,2Ei,j + w+

1,3Ẽi+1,j = w−

1,1Ẽi,j + w−

1,2Ei+1,j + w−

1,3Ei+2,j +


∂E
∂x


,
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where w−

I,J and w
+

I,J for I = 0, 1 and J = 1, 2, 3 are one-sided finite difference weights, respectively, for negative and
positive subdomains. Here the subscript I represents interpolation (I = 0) and the first derivative approximation (I = 1),
and J is for grid index. The zeroth and first order jumps of Ez at the interface node (xo, yj), i.e., [E] and


∂E
∂x


, are vanishing

for the present case. However, we choose to present the MIB scheme in such a general way so that it can be readily applied
to more complicated occasion with nonzero jump values. After the discretization, (18) actually represents two algebraic
equations. By solving (18), one can determine Ẽi,j and Ẽi+1,j as linear combinations of Ei,j−1, Ei,j, Ei,j+1, Ei,j+2, [E], and


∂E
∂x


.

By substituting such combinations into (17) to eliminate the fictitious values, the finite difference approximations to the
double x derivatives are now second order accurate, irrespective of the presence of the interface.

When one grid line intersects the interfaceΓ near a sharp corner, the interface could be cut twicewithin a short distance,
see Fig. 2 (b). The classical MIB method [25,26] is not able to handle such a non-smooth interface case. Following the
improved MIB scheme for elliptic interface problems [31], we develop a double layer MIB scheme for solving the present
Maxwell–Drude interface problem. Denote two interface points as (xo1 , yj) and (xo2 , yj)with xi−1 < xo1 < xi < xo2 < xi+1.
The x derivative approximations at the three nearby nodes are modified to be

∂2Ez
∂x2


i−1,j

≈
Ei−2,j − 2Ei−1,j + Ẽi,j

∆x2
,

∂2Ez
∂x2


i,j

≈
Ẽi−1,j − 2Ei,j + Ẽi+2,j

∆x2

∂2Ez
∂x2


i+1,j

≈
Êi,j − 2Ei+1,j + Ei+1,j

∆x2
(19)

where Ẽi,j and Êi,j are two fictitious values located at the same grid node (xi, yj) and they could take different values. The four
fictitious values involved in (19) can be determined at the same time by enforcing jump conditions (10) and (12) of Ez at two
consecutive interface points (xo1 , yj) and (xo2 , yj). These four jump conditions will be discretized as in (18). In particular,
the negative and positive terms at (xo1 , yj) are approximated based on (Ei−2,j, Ei−1,j, Ẽi,j) and (Ẽi−1,j, Ei,j, Ẽi+1,j), respectively.
Similarly, the positive and negative terms at (xo2 , yj) are approximated based on (Ẽi−1,j, Ei,j, Ẽi+1,j) and (Êi,j, Ei+1,j, Ei+2,j),
respectively. The details of the discretization are omitted here to save the space.

After correcting all finite difference approximations by the MIB scheme, the spatial discretization of the Maxwell–Drude
system (5) is ensured to be second order of accuracy at time tk. One can then integrate (5) to next time level tk+1 to generate
new values of Ez,Hx, and Hy. We will update the IADE (16) from tk to tk+1 as well. For this purpose, we shall calculate
g(tk, xo, yo) at the interface point (xo, yo) first. To overcome the aforementioned difficulty due to the involvement ∂ Ėz

∂t in the
IADE, we propose to reformulate the expression of g(t, x, y) by substituting the last equation of (5) into (15)

g(tk, xo, yo) =


ϵ0ϵ

−
∞

ϵ+
∞

(ω+

1 )
2
− ϵ0(ω

−

1 )
2

E+

z

+
ϵ+
∞

− ϵ−
∞

µ0ϵ
+
∞


∂2E+

z

∂x2
+
∂2E+

z

∂y2


+
γ (ϵ+

∞
− ϵ−

∞
)

ϵ+
∞


∂H+

y

∂x
−
∂H+

x

∂y


, (20)

so that the explicit calculation of ∂ Ėz
∂t is not required. Nevertheless, one needs to evaluate various derivative and function

values at the off-grid point (xo, yo) in (20). Fortunately, the MIB scheme is a robust finite difference method, which
allows these values being approximated by using on-grid function values exclusively from the positive side. For example,
(∂2E+

z /∂x
2)(tk, xo, yo) will be approximated via one-sided interpolation based on several nearby derivative values of

(∂2E+
z /∂x

2)(tk, xi, yj) for some i and j. Then (∂2E+
z /∂x

2)(tk, xi, yj) can be approximated by finite differences using E+
z values

within Ω+. Other terms in (20) can be similarly treated. With g(tk, xo, yo) values, we integrate the IADE (16) in time to
generate interface values ψ(tk+1, xo, yo), which will be used in the MIB scheme for next time level tk+1. This completes one
time step of the proposed MIBTD algorithm.

It is noted that for a straight interface case, the jump conditions can be iteratively enforced [25] so that high order MIBTD
algorithms can be easily constructed. It is also noted that most computations of the MIB jump condition enforcement need
to be conducted only once at the beginning, because the geometric domain, grid, and spatial discretization of the jump
conditions are all time invariant. The calculated representation coefficients that express the fictitious values in terms of
field values will be re-used in all time steps.

5. Numerical experiments

In this section, we investigate the accuracy and stability of the proposedMIBTD algorithm for solving straight and curved
interface problems. Different types of curved interfaces with constant curvature, fluctuating curvature and sharp corner are
studied. In all studies, a uniform mesh is employed for the Ez component, in which the number of grid points in both x and
y directions is denoted, respectively, as Nx and Ny. The staggered grids for Hx and Hy can then be correspondingly formed.
By setting the initial wave solutions as trivially zero at t = 0, numerical time integration is carried out for Nt steps, until a
stopping time T . Here the time increment is given as ∆t = T/Nt . Numerical errors in the L∞ norm will be reported in all
examples.
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Fig. 3. Numerical results of Example 1. (a) The reflection coefficient at a straight air–gold interface; (b) Numerical convergence test.

5.1. Example 1: straight Drude interface

We first consider a straight interface problem, forwhich theMIBTD algorithm can be easily generalized to higher order. In
this example, the computational domain is considered asΩ = [0µm, 3µm]

2 with the interfaceΓ located at x = 0.75π µm.
A dispersive gold medium is placed on the right subdomainΩ− with the Drude parameters ϵ∞ = 9.84, ω1 = 9.096 eV, and
γ = 0.072 eV [3,32]. An incident pulse of the form Ez(x, y, t) = exp(−(x + 1.5 − c0t)2/(2α2)) is enforced as the boundary
condition at the left boundary x = 0 µm. Here α = 0.075 µm and c0 is the speed of light in air. We note that both the
media and the incident wave are invariant along the y direction, so that the electromagnetic wave solutions to this straight
interface problemwill be constant along the y direction. Therefore, periodic conditionswill be assumed on the top boundary
y = 3 µm and the bottom boundary y = 0 µm for simplicity. As in [28], our simulation will stop before the transmitted
wave hits the right boundary x = 3 µm. Under this assumption, we can impose the perfectly electric conducting (PEC)
boundary condition [33] at x = 3 µm for simplicity.

Higher order MIBTD schemes are examined for this example. Following [28], away from the interface, the standard
(2M)th order central finite difference approximation will be carried out in both x and y directions. HereM is the half stencil
bandwidth. Near the interface, the zeroth and first order jump conditions will be discretized by using 2L function values and
2 fictitious values at the first step, where one-sided approximations involving L grid nodes in one side are used to ensure the
sufficiently high accuracy. One can then iteratively enforce these two jump conditions, until a total of 2M fictitious values
are solved [25,26]. Then, the (2M)th order central finite difference can be conducted across the interface. Three MIBTD
schemes are considered, i.e., the MIBTD2 with (M, L) = (1, 2), the MIBTD4 with (M, L) = (2, 4), and the MIBTD6 with
(M, L) = (3, 6). Theoretically, these three schemes attain second, fourth, and sixth order of accuracy, respectively. The
approximation in the y direction is not critical in this example, because the wave solutions are trivially constant along this
direction. Thus, we will take Ny = 10 in all tests and consider different Nx values. For a comparison, a FDTD method is
considered in this paper which discretizes the Maxwell–Drude system (5) by the central finite difference in space and the
classical fourth order Runge–Kutta method in time. Computationally, this FDTD method is simply attained by switching off
the MIB fictitious value representation in the MIBTD2 scheme.

We first qualitatively benchmark the MIBTD algorithm by studying the wideband reflection coefficient of an air–gold
interface. The MIBTD2 scheme is employed with Nx = 1601. Two time series are recorded for the Ez values at two fixed
observation points in the vacuum with a time increment ∆t = 0.0027 fs and a total of 10,000 time steps. Through proper
processing, one can generate the incident and reflected pulses based on the recorded time series. The numerical reflection
coefficient can then be calculated as the ratio of the discrete Fourier transformation of the reflected and incident pulses.
Fig. 3(a) compares the magnitude of the reflection coefficient as a function of frequency to the analytical one. It can be seen
that theMIBTD result and the exact one are in good agreement over a wide range of frequencies. This validates the proposed
MIBTD algorithm.

We next investigate the stability of the proposed MIBTD method. For the stability study, a stopping time T = 13.23 fs
is used, which is short enough such that both reflected and transmitted pulses have not reached the horizontal boundaries.
The Courant–Friedrichs–Lewy (CFL) stability condition for solving Maxwell’s equations in 2D is known to be [25]

∆t ≤ C
1

vmax


1
∆x2

+
1
∆y2

. (21)

Here, we have that ∆x is different from ∆y and the maximum velocity vmax equals to the speed of light in air, i.e., vmax =

c0 = 3× 108 m/s. The CFL constant C is determined by both the spatial and temporal discretizations. We note that because
the present FDTD approach is based on the fourth order Runge–Kutta method, instead of the Leapfrog scheme, the present
CFL constant C differs from the one of the standard FDTD scheme by a factor of

√
2 [25].
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Table 1
Critical CFL number C for Example 1. Here N∗

t denotes the critical Nt value.

Nx FDTD MIBTD2 MIBTD4 MIBTD6
N∗
t C N∗

t C N∗
t C N∗

t C

101 91 1.4587 91 1.4587 105 1.2642 112 1.1960
201 182 1.4543 182 1.4543 257 1.0299 300 0.8823
401 365 1.4492 365 1.4492 483 1.0951 552 0.9583
801 739 1.4313 739 1.4313 877 1.2060 930 1.1361

Table 2
Numerical convergence test of Example 1.

Nx FDTD MIBTD2 MIBTD4 MIBTD6
Error Order Error Order Error Order Error Order

201 1.07E−1 6.44E−2 1.45E−2 2.74E−2
401 4.12E−2 1.38 1.33E−2 2.28 1.20E−3 3.59 3.42E−4 6.32
801 1.39E−2 1.57 3.00E−3 2.15 4.48E−5 4.74 4.75E−6 6.17

1601 6.10E−3 1.19 8.36E−4 1.84 7.90E−7 5.83 1.26E−7 5.24

Table 3
CPU time in seconds of the FDTD method (TF ), the MIBTD2 method (TM2 ), the MIBTD4 method (TM4 ) and the
MIBTD6 method (TM6 ) for Example 1.

Nx FDTD MIBTD2 MIBTD4 MIBTD6
TF TM2 TM2/TF TM4 TM4/TF TM6 TM6/TF

101 0.028 0.028 1.00 0.068 2.43 0.136 4.86
201 0.104 0.168 1.62 0.368 3.54 0.468 4.50
401 0.410 0.576 1.40 0.780 1.90 1.720 4.20
801 1.620 1.952 1.20 2.412 1.49 3.320 2.05

1601 6.460 6.550 1.01 7.284 1.13 9.200 1.42

In order to examine the stability of the proposed algorithms, we numerically detect the critical Nt value for each scheme.
Here, the critical Nt value is defined in the sense that a even smaller Nt value will render the computation to be unstable.
In particular, for a given Nx value, we examine all possible Nt values. For a particular Nt value, say N∗

t , such that the final
L∞ error is less than a tolerance, e.g. 1, the computation is said to be stable. If the final error of N∗

t − 1 is greater than or
equal to the tolerance, the empirical critical Nt value is taken as N∗

t . By considering several Nx values, the critical Nt values
and the corresponding CFL constants for both the FDTD and MIBTD methods are reported in Table 1. It can be seen that as
∆x becomes smaller and smaller, the CFL number C of the present FDTD method goes to C =

√
2. In fact, C =

√
2 is the

analytical CFL number of the present FDTD method [25,29]. This validates the present numerical procedure for the stability
analysis. For the proposed MIBTD algorithms, no analytical result is available. We thus numerically explore the CFL number
C for different MIBTD schemes. It can be seen from Table 1 that the MIBTD2 scheme attains the same CFL number as the
FDTD. In other words, the MIB interface treatment in the MIBTD2 has negligible impact on the stability for this straight
interface problem. For the MIBTD4 and MIBTD6, C decreases asM is larger as expected, because C is known to be inversely
proportional to the absolute sum of the underlying finite difference weights [25].

We then quantitatively examine the accuracy of the proposed higher order MIBTD methods. We conduct a numerical
convergence analysis by considering different spatial size Nx while Ny is always fixed to be 10. To ensure the stability, we
take the CFL constant to be C = 0.7 in all methods. Because there is no analytical solution available for this Drude interface
problem, we benchmark our numerical results by considering a numerical reference solution. This reference solution is
generated by considering themost accurateMIBTD6 schemewith a very dense gridNx = 12,801 and a sufficiently small∆t .
Based on this reference solution, the L∞ errors in the Ez component are reported in Table 2. The numerical orders calculated
based on two successive meshes are also reported. The orders of three MIBTD schemes are indeed about two, four, and six,
respectively. Without the interface treatment, the FDTD scheme is obviously degraded to the first order of accuracy. For a
visual comparison, the L∞ errors in Table 2 are also plotted in Fig. 3 (b). A linear least-squares fitting [26] is conducted in
the log–log scale for the purpose of determining the overall convergence rate r of the scheme. Here the fitted convergence
lines are shown as solid lines in Fig. 3 (b) with r being the slopes. The averaged orders of both MIBTD and FDTDmethods are
close to the theoretical estimates.

We finally investigate the computational speed of the MIBTD methods. The CPU time in seconds of both the FDTD and
MIBTD methods are listed in Table 3. All computations here are conducted on an SGI Xeon E5-4640 CPU core operating at
2.4 GHZ and 8 GB of memory. As in the numerical convergence tests, the CFL constant is set to be C = 0.7. It is seen in
Table 3 that the CPU time of the MIBTD methods becomes larger when the order is higher. The ratio of the CPU time of the
MIBTD over that of the FDTD is also listed in Table 3. This ratio becomes much smaller when Nx is larger. This is because the
generation of fictitious value representation needs to be carried out only once in the MIB scheme. Thus, the additional CPU
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Table 4
Critical CFL number C for Example 2. Here N∗

t denotes the critical Nt value.

N FDTD MIBTD
N∗
t C N∗

t C

101 102 1.5914 112 1.4493
201 219 1.5481 236 1.3756
401 450 1.4428 508 1.2781
801 907 1.4317 1052 1.2344

Table 5
Numerical convergence test of Example 2.

N FDTD MIBTD
Error Order Error Order

101 4.12e−2 1.57e−2
201 1.85e−2 1.16 4.60e−3 1.77
401 7.30e−3 1.34 1.00e−3 2.20
801 3.90e−3 0.90 2.28e−4 2.13

time caused by the MIB treatment becomes less significant comparing with the overall CPU time used in the Runge–Kutta
time integrations, when Nx is larger. Therefore, the ratio of the MIBTD2 over the FDTD eventually goes to 1.01 when Nx is
very large, while that between the MIBTD6 and FDTD is about 1.42. Even though the MIBTD methods consume more CPU
time than the FDTD, the MIBTD methods are actually more cost-efficient. When one aims to achieve certain high precision,
the MIBTD method based on a coarser grid is actually much faster.

5.2. Example 2: circular Drude interface

We next study a circular Drude interface problem with Γ defined as

Γ :


(x − 0.7π)2 + (y − 1.75)2 = 0.5, (22)

where the unit is in micrometers. The entire domain Ω = [0 µm, 3.5 µm]
2 consists of two sub-domains. The subdomain

Ω− inside the cylinder is assigned to be a dispersive gold medium with the same Drude parameters as in Example 1. The
subdomainΩ+ is assumed to be air. An incident pulse of the form Ez(x, y, t) = exp(−(x+1.75−c0t)2/(2α2)) is imposed as
the boundary condition at the left boundary x = 0 µm with α = 0.25 µm. The computation will be terminated before the
propagating wave hits the right boundary x = 3.5 µm and the scattered wave touches the top boundary y = 3.5 µm and
bottom boundary y = 0 µm. For these reasons, the stopping time is chosen as T = 13.40 fs. Moreover, for simplicity, the
top and bottom boundary conditions are enforced according to the incident pulses, while the PEC boundary condition [33]
is imposed on the right boundary.

For curved Drude interface problems, the generalization of the MIBTD algorithm to higher order is not straightforward.
Thus, only the second order MIBTD2 scheme will be considered in the curved interface problems, and this scheme is simply
referred to as the MIBTD scheme. Moreover, we will set N = Nx = Ny in the all curved interface problems for simplicity.
The aforementioned FDTD method is also employed for a comparison.

The stability of the MIBTD and FDTD schemes is examined first. Because of∆x = ∆y in the present case, the CFL stability
condition (21) is reduced to be

∆t ≤ C
∆x

c0
√
2
. (23)

Again, the CFL constant C is determined by both the spatial and temporal discretizations. Similarly, we will numerically
estimate C by detecting the critical Nt value for a given Nx value. The results are reported in Table 4. Similar to the straight
interface case, the CFL number of the FDTD scheme goes to C =

√
2 as∆x approaches zero, while that of the MIBTDmethod

shall be a number within the interval C ∈ [1.23, 1.28]. In the following computations, we will take C = 0.7 to ensure the
stability.

We next examine the numerical orders of the MIBTD and FDTDmethods. A numerical reference solution is generated by
the MIBTD scheme with a dense mesh N = 1601. Maximum errors calculated with respect to this reference solution are
reported in Table 5 and also plotted in Fig. 4(a). The contour plot of oneMIBTD solution is shown in Fig. 4(b). A sharp change
is clearly seen across the interface Γ in the Hy component. In general, we know that Ez is C1 continuous across Γ , while
the regularity of Hy and Hx degrades to C0. Without proper interface treatment, the staircase error is severe in the FDTD
algorithm. Thus, the least-squares fitted convergence rate of the FDTD method is found to be 1.15 for the present example.
However, the MIBTD method still successfully retains the second order convergence after enforcing jump conditions for
Hx,Hy and Ez across the interface.
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Fig. 4. Numerical results of Example 2. (a) Numerical convergence test; (b) Contour plot of Hy generated by the MIBTD method with N = 401.

Table 6
CPU time in seconds of the FDTD method (TF ) and the MIBTD method (TM ) for Example 2.

N TF TM TM/TF

101 0.37 0.43 1.16
201 3.00 3.40 1.13
401 26.99 34.93 1.29
801 247.80 334.42 1.35

Our final test for the present example is again exploring the speed of MIBTDmethod. The CPU time in seconds consumed
by the FDTD and MIBTDmethods is reported in Table 6. Because in the curved interface case, different MIB treatments have
to be conducted at different irregular points, the computational overhead of theMIB scheme becomes larger than that of the
straight interface case. Thus, the CPU time ratio of the MIBTD method over the FDTD method in the present study is about
1.35 when N is large. Nevertheless, we note that the MIBTD method is still more cost-efficient that the FDTD method.

5.3. Example 3: complex Drude interfaces

We next examine the robustness of the MIBTD algorithm in dealing with complex interfaces with non-constant
curvatures. A family of interfaces parameterized by the polar angle θ [26,29] are studied for this purpose

Γ :


(x − 0.7π)2 + (y − 1.75)2 = 0.5 + b sin(mθ), θ ∈ [0, 2π ] . (24)

The unit of this equation as well as b is in micrometers. Here the parameter m determines the number of leaves of the
core region and b controls the magnitude of the curvature. As in [29], we investigate four independent cases: Case 1,
(m, b) = (2, 1/4); Case 2, (m, b) = (3, 1/9); Case 3, (m, b) = (4, 1/9); Case 4, (m, b) = (5, 1/11). Apart from the difference
in the definition of the interface, the other problem settings including the domain dimensions, Drude parameters, incident
wave, boundary conditions and stopping time are the same as in Example 2.

The stability and CPU behaviors of the MIBTD and FDTD methods are similar to those of Example 2, and thus are not
presented here to save space.We only focus on the accuracy of theMIBTDmethod in solving various non-constant curvature
interfaces. In order to benchmark the numerical convergences, for each case, a reference solution is generated by theMIBTD
algorithm with N = 1601 and a sufficiently small ∆t . We again set the CFL number to be C = 0.7. The MIBTD and FDTD
solutions based on different N values are comparedwith the reference solution onmutually sampled grid nodes. The results
on maximum errors in Ez are reported in Table 7. It can be seen that, the order convergences of the FDTD method always
stay at around one, while those of the MIBTD algorithm are often about two throughout the table. Similar to the previous
examples, the errors are also depicted in Fig. 5, augmented by the linear least-squares fitting to analyze the numerical orders.
Due to the loss of regularity in wave solutions near the interface, the convergence rates of the FDTDmethod are found to be
r = 1.15, r = 1.17, r = 1.14 and r = 1.27, respectively, for the Case 1, 2, 3, and 4. After the MIB interface treatment, the
accuracies of the MIBTDmethod are all about second order, even though the shape of the interface becomes more andmore
complicated. The present study demonstrates the robustness of the proposed MIBTD algorithm. Lastly, the contour plots of
the Hy components in four cases are shown in Fig. 6. A very complicated interaction between the electromagnetic waves
and the Drude interface can be clearly seen, especially when the interface shape becomes more irregular.

5.4. Example 4: non-smooth Drude interface

In the previous examples, the interfaces are always C1 continuous, so that the regularMIB interface treatment is sufficient
to treat them. In our last study, we consider a Lipschitz continuous but not C1 continuous interface to validate the proposed
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Table 7
Numerical convergence tests of Example 3.

N FDTD MIBTD FDTD MIBTD
Error Order Error Order Error Order Error Order

Case 1, (m, b) = (2, 1/4) Case 2, (m, b) = (3, 1/9)
101 6.00E−2 2.00E−2 6.04E−2 2.16E−2
201 2.94E−2 1.03 5.80E−3 1.79 2.64E−2 1.19 5.40E−3 2.00
401 1.47E−2 1.00 1.40E−3 2.05 1.18E−2 1.16 1.20E−3 2.17
801 6.80E−3 1.11 3.15E−4 2.15 5.30E−3 1.15 2.30E−4 2.38

Case 3, (m, b) = (4, 1/9) Case 4, (m, b) = (5, 1/11)
101 4.33E−2 1.63E−2 6.94E−2 2.29E−2
201 2.37E−2 0.87 5.70E−3 1.52 2.59E−2 1.42 5.20E−3 2.14
401 9.40E−3 1.33 1.30E−3 2.13 1.12E−2 1.21 1.30E−3 2.00
801 4.20E−3 1.16 2.48E−4 2.39 4.90E−3 1.19 2.28E−4 2.51

a

c d

b

Fig. 5. Numerical convergence tests for Example 3. (a) Case 1, (m, b) = (2, 1/4); (b) Case 2, (m, b) = (3, 1/9); (c) Case 3, (m, b) = (4, 1/9); (d) Case 4,
(m, b) = (5, 1/11).

MIB non-smooth interface treatment. For this purpose, a 3/4 circle interface parameterized by the polar angle θ is defined
as follows

Γ : (x, y) =



(0.7π + 0.5 cos θ, 1.75 + 0.5 sin θ) , if 0 ≤ θ ≤
3π
4

or
5π
4

≤ θ ≤ 2π,
0.7π −

√
2


1 −

θ

π


, 1.75 +

√
2


1 −

θ

π


, if

3π
4

≤ θ ≤ π,
0.7π +

√
2


1 −

θ

π


, 1.75 +

√
2


1 −

θ

π


, if π ≤ θ ≤

5π
4
.

(25)

The unit of this equation is in micrometers. The other problem settings are the same as in the previous example. Due to
appearances of two sharp corners on the left part of the interface Γ , the double layer MIB algorithm is indispensable. The
CFL stability condition and execution time of the MIBTD algorithm remain essentially the same as in the previous curved
interfaces. For this reason, those results are not presented here.

It is of interests to investigate the impact of the sharp corners on the accuracy of theMIBTDmethod. As usual, a reference
solution is generated by the MIBTD scheme with N = 1601 and a sufficiently small∆t . The CFL number is set to be C = 0.7
for all computations. The L∞ errors involved in the MIBTD and FDTD Ez solutions are reported in Table 8 and plotted in
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Fig. 6. Contour plots of Hy generated by the MIBTD method with N = 401 in Example 3. (a) Case 1, (m, b) = (2, 1/4); (b) Case 2, (m, b) = (3, 1/9); (c)
Case 3, (m, b) = (4, 1/9); (d) Case 4, (m, b) = (5, 1/11).

Table 8
Numerical convergence test of Example 4.

N FDTD MIBTD
Error Order Error Order

201 2.10E−2 6.10E−3
321 2.23E−2 −0.13 5.70E−3 0.14
401 1.02E−2 3.52 2.70E−3 3.36
801 4.90E−3 1.06 2.90E−4 3.23

Fig. 7(a). These results reveal that the orders of both methods are highly nonuniform, due to the presence of the corner
points. Indeed, the contour plot given in Fig. 7(b) shows that the wave solution displays almost singular behavior near two
corner points. The graphical least-squares analysis conducted in Fig. 7(a) gives a better estimate to the numerical orders than
the tabulated results shown in Table 8. In particular, the numerical order of the FDTD and MIBTD is found to be 1.14 and
2.32, respectively. Without the double layer MIB scheme, the MIBTD algorithm will not be able to restore the fully second
order of accuracy in solving only Lipschitz continuous interfaces.

6. Conclusion

In this paper, we propose a new Maxwell–Drude formulation for studying 2D transverse magnetic problems involving
Drude materials with curved and non-smooth dispersive interfaces. This hybrid system couples the wave equation for the
electric component with Maxwell’s equations for the magnetic components, and allows us to track the transient change
in the regularity of electromagnetic fields across the Drude interfaces. The resulting time dependent jump conditions are
enforced through regular and double layer interface treatments in the proposed MIBTD algorithm. For straight interfaces,
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a b

Fig. 7. Numerical results of Example 4. (a) Numerical convergence test; (b) Contour plot of Hy generated by the MIBTD method with N = 401.

the MIBTD method can be generalized to higher order, while for both curved interfaces and interfaces with sharp corners,
the MIBTD method can fully recover the second order of accuracy. Thus, the proposed MIBTD method is more accurate and
cost-efficient than the classical FDTD method.

The generalization of the proposed MIBTD algorithm for solving the transverse electric system is currently under
our investigation. Such a generalization is highly nontrivial and requires a new Maxwell formulation, because the field
components could be discontinuous in such an interface problem.
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